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A New Algorithm of Online Edge-Coloring Algorithm

Masakuni TAKI, Mikihito SUGIURA*, Toshinobu KASHIWABARA*

SUMMARY We consider an edge coloring game of a graph by two persons who are an adversary and an edge-
painter. The former strategy is to add or to delete edges in the graph successively. The strategy is called input.
The latter colors the edge as soon as an edge is added in the graph. Then it is never changed the color of edges
colored. The latter is not given any further information of the adversary's. We call the coloring strategies of
the painter online edge-coloring algorithm.

In this paper the painter is limited the amount of colors. When the painter can use k colors, the adversary
inputs to make bipartite graph that always has maximum degree of less than equal 4. A minimum ratio which is
a ratio between the number of edges colored of an online edge-coloring algorithm 4 for adversary's family of
input and that of offline edge-coloring algorithm is called a competitiveness coefficient of an online edge-color-
ing algorithm 4. It is better algorithm that the online edge-coloring algorithm has larger value of this coeffi-
cient. We have proved that a competitiveness coefficient of arbitrary deterministic online edge-coloring

algorithm is 0, and present a randomized online-coloring algorithm that the competitiveness coefficient is

51

1 ..
greater than equal T for oblivious adversary.

Key word. edge coloring, online algorithm, competitive analysis, two persons game.

1. Introduction

Given an undirected graph G(V, E), an edge-coloring
is an assignment of indices 1,...,n to the edges of G such
that no two edges incident on a vertex have the same
label. The indices are referred as colors, and the smallest
value of n for which such a coloring can be achieved is
called the chromatic index of the graph.

The online coloring algorithm is defined as follows.
It is not given all of input data in advance. As soon as it
1s given an input data, it colors the input data one after
another. It is not given any further information of input
after it colors. In general they use a competitive analysis
to analyze the online algorithm, because an absolute per-
formance for the online algorithm dose often not make

sense. This is to compare cost of online algorithm with
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that of offline algorithm for the same family of input
data. The offline algorithm is an algorithm that deals
with a family of input data all of which are known in
advance.

In this paper we consider an edge-coloring game of a
graph by two persons who are an adversary and an edge-
painter. The former strategy is to add or to delete edges
in the graph successively. The strategy is called input.
Since the adversary makes a family of input. On the
other hand, as soon as an edge is added in the graph, the
latter has to color the edge. Then it is never changed the
color of edges colored. The latter is not given any fur-
ther information of the adversary's. We call the coloring
strategies of the painter online edge-coloring algorithm.

We analyze a deterministic online edge-coloring
algorithm and a randomized online edge-coloring algo-
rithm under the following cases. Here, we introduce a
new case that is not yet studied. The painter is limited
the amount of colors. When the painter can use k colors,

the adversary inputs to make bipartite graph that
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always has maximum degree of less than equal k. The
chromatic number of bipartite graph is equal to the max-
imum degree of the graph [3]. A minimum ratio which is
a ratio between the number of edges colored of an online
edge-coloring algorithm 4 for adversary's family of input
and that of offline edge-coloring algorithm is called a
competitiveness coefficient of an online edge-coloring
algorithm 4. It is better algorithm that the online edge-
coloring algorithm has larger value of this coefficient.
We have proved that a competitiveness coefficient of
arbitrary deterministic online edge-coloring algorithm
is 0, and present a randomized online-coloring algorithm

that the competitiveness coefficient is greater than

1 .
equal e for oblivious adversary.

2. Preliminaries

Here we wish to refer to some notations about graph
in [1], and the graph is undirected and is allowed to have
multiple edges except on special occasions.

Theorem 1: The chromatic number of arbitrary graph G
is equal to the maximum degree of the graph or is
greater than it [1].

Theorem 2: The chromatic number of bipartite graph G
is equal to the maximum degree of the graph [1].

We consider a two persons game by an edge-painter and
an adversary. Let II be a problem with a finite set 7 of
input instances (fixed size), and a finite set of determinis-
tic algorithms 4. For input i € I and algorithm a € 4, let
C(i, a) denote the cost of algorithm « on input i. An edge-
painter wants to make algorithms whose cost is smaller
and an adversary wants to make input instances whose
cost is larger. For probability distributions p over I and ¢
over A, let i, denote a random input chosen according to
p and g, denote a random algorithm chosen according to
q.

Theorem 3 (Yao's Minimax Principle)[2]: For all distribu-

tions p over I and ¢ over 4,

min E[C(ip,aﬂ = max E{C(i,aq)]
a<A el

where E[X]is expectation of X.
There are an oblivious adversary and an adaptive adver-
sary for adversary of randomized online edge-coloring
algorithm. When the former dose input, he cannot get

the information that edge-painter had chosen colors for
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family of input before. When the latter dose input, he can
get the information that edge-painter had chosen colors
for family of input before. Since the adaptive adversary
is stronger than the other.

Let a graph G,=(V'U W, E, k) be the beginning of a
graph G, here |V, [Wl> k, E=0. Adversary adds or
deletes edges (v, w) (here, vEV, wE W ) to G, succes-
sively, under the following conditions . the degree of all
vertices are always less than equal &, and then the graph
is always bipartite graph which has maximum degree of
less than equal k on the way of inputting. The adversary
knows the strategies of the edge-painter. There are col-
ors which are color,, colors,..., color,. When the adversary
adds an edge, the edge-painter colors the edge then the
color is different from each of adjacent edges. When
these color,, color,,..., color, are all used on adjacent
edges, he must not color even if these color,, color,,...,
color, are all different on adjacent edges. The edge-
painter never changes the color of the edge colored.

The edge-painter's aim is to make large number of
edges colored according to the families of input of the
adversary. The adversary's aim is to give the families of
input that the ratio between number of edges colored of
online edge-coloring algorithm and that of offline edge-
coloring algorithm is made smaller. For every adding
edge (v, w) the degree of vertices v and w are increased
one, and for every deleting edge (v, w) the degree of ver-
tices v and w are decreased one.

We define a competitiveness coefficient for analysis of
deterministic online-edge coloring algorithm. Let
fleres....e,) be the number of edges colored of determin-
istic online edge-coloring algorithm 4 according to the
family of input eye,,....e, , and file;,es,....e,) be the num-
ber of edges colored of optimal offline edge-coloring
algorithm according to the family of input e, e,,...,e,,.
Definition 1: A deterministic online edge-coloring algo-
rithm 4 is said to be C-competitive such that for any
families of input ejes, ...,e,,, a constant b exists,

flenen e — C X folenes, e = b.

And a constant » must be independent of M, however k
need not independence. The competitiveness coefficient
of 4, denoted C/ , is the supremum of C such that 4 is
C-competitive.

Oblivious adversary is the same that he makes all of
families of input previously, because he has no influence

that edge-painter colored edges before. Let file,,es,....e)
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be the number of edges colored of randomized online
edge-coloring algorithm R according to the family of
input e;,e,,...,e, , then the fileses,....e,) is the random
variable.
Definition 2: For oblivious adversary a randomized
online edge-coloring algorithm R is said to be C-competi-
tive such that for any families of input ejes,...,ey, a con-
stant b exists,

E[filenes ey )]— CX filenes ney) = b.
And a constant » must be independent of M, however k
need not independence. The competitiveness coefficient
of R, denoted G, is the supremum of C such that R is C-
competitive.

Let P be a probability distribution of choosing fami-
lies of input. The f,(e}es,...,e,) and the fie;,es,...,e,) are
random variables under P. For a deterministic online
edge-coloring algorithm 4, defined its competitiveness
coefficient under P, C/, to be supremum of C such that a
constant b exists,

Elfepesmer)]— CX E[ffeses.mer) 12 b.

Yao's Minimax Principle implies that

G = max cl.

An adaptive adversary can decide his input by know-
ing the information of previously inputs of edge-painter.
For such families of input decided ejey,....e;,, the
filenes..e,) is the random variable and the fe,es,....e))
is also the random variable.

Definition 3: For an adaptive adversary a randomized
online edge-coloring algorithm R is said to be C-competi-
tive such that for the family of input e,e,,...,e,, made by
the adaptive adversary.
A constant b exists,
E[fR(el,eg,...,eMﬂ* CcX E[f;,(el,eg,...,eM)]% b.
And a constant » must be independent of M, however k
need not independence. The competitiveness coefficient
of R, denoted G, is the supremum of C such that R is
C-competitive.
From definitions, these competitiveness coefficients are
0= C, Ci, C"=1.
Definition 4 : For any randomized online edge-coloring
algorithm R according to family of input eje,,....e, , let
glb) is as follows: when b, , b, ,*** b,,*** b,, are edges added,
g(b)=0" b, is not colored for adding edge b, or
g(b)=1:vis colored for adding edge b,

By linearity of expectation E[fi(e},e,....e;s] is as fol-

lows:
Elfilenes,mer)|=ElLgb)] + Elg(b))] +++-+ El g(b,)]
from E[fe;es...e,)] = glb)+ glb,) ++--+glb,).
Definition 5 : D is the supremum of D such that
Elfenes,...ey)] — D X [total of adding edges of e;,e,, ...,/
=h.

And a constant » must be independent of M, howev-
er k need not independence.

Then D= Cy" from
filepes,....ey) =[total of adding edges of e;,es,...,e,].
Definition 6 : For oblivious adversary of D* the family of
inputs ej,es, ...,e,, is as follows :
a constant b exists such that the equation
Elflenes,...ey)] — D X [total of adding edges of e;,e,, ....e,]
= b is made up when D=Dy", or
a constant b dose not exist such that the equation
Elfenes,....ey)] — D X [total of adding edges of e;,e,,....e,/]
= b is made up when D>Dy" .

Color in this paper has linear order as follows
color; < color, <----
If new color is used, it must be smallest number that is
not yet used.

A set of colors on edges incident from a vertex v is
denoted Sv.

3. Online edge-coloring problem

We present two cases about online edge-coloring
algorithm. One is that the edge-painter colors all of
edges added. Another is that the edged-painter need not
color any of edges added. We study these two cases
about deterministic online edge-coloring algorithm and

randomized online edge-coloring algorithm.

3.1 Deterministic online edge-coloring algorithm
Lemma 1: Let 4 be a deterministic online edge-coloring
algorithm that must try to color all of edges added. Then
C=0.
Proof We prove it by reductio ad absurdum. We assume
that for any families of input eje,...,e;, 4 has a constant
b according to C >0 and

flenes.ner)— C X filenes..ney) = b.

Here we think that the family of input is as follow.

1. Repeat k-1 times adding (v, w).
2. Repeat k-1 times adding (v, w,).
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By the assumption, Sv; U Sv, U... is a subset of

{colorl , colory, *+ -, colory,, 1

A subset of {color, , color, , =+ -+, colory., } is finite,
since there exist adequate sequence x;, x,, and Svyx,=
Svy, if this repeating are continued enough.

3. And then this pattern is disconnected. After that,
next following edge (vxj, wy). is added. Edge-painter
cannot color an element of S, on the edge (v,, w)
Since one of remaining colors without k-1 elements
of S, needs to color on this edge.

4, Add (vxz, wy).

Edge-painter cannot color this edge, because adja-
cent edges to this edge are already colored with all
of k colors.

Delete (v,,, wp).

Repeat step 4 and step 5 enough.

For this family of input it can color all of edges if only it
dose not make Svy,= Svy, according to offline edge-col-
oring algorithm.

By the assumption C X f(e},es,...,e,) becomes large
enough, but f,(e,e,,....e,) is a constant. Since a constant
b, which is satisfied with the assumption, dose not exists.
This is the contradiction. []

On the above 2, the continuing enough is the maxi-

2k-1

k*l) X (k-1)+ 1, and the maximum number of

mum (

vertices |Vl and ||, for making the families of inputs of
the above, are
<2k'f'11> X(k-1)+1 and ((2,{/‘,'11) X (k-1) + 1>><2+1
respectively.

Lemma 2: Let 4 be a deterministic online edge-coloring

algorithm that need not color any of edges added. Then

C=0.

Proof We prove it by reductio ad absurdum. We assume

that for any families of input e,es,...,e,, 4 has a constant

b according to C >0 and

flenesney)— C X fifenes.ney) Zb.
Here we think that the family of input is as follow.

1. Repeat adding or deleting edge (v,, w)) until it is col-
ored. If it is not colored, then it is finished after
repeating enough.

2. Repeat step 1 k-1 times.

If it is not finished on the way of repeating, then
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there are colors (: color; , color,, * -+ +, color, ;) on k-1
multiple edges between v, and w,.

3. Repeat adding or deleting edge (v, w,) until it is col-
ored. If it is not colored, then it is finished after
repeating enough. If it is colored, then it is colork.

4. Repeat adding or deleting edge (v,, w,) until it is col-
ored. If it is not colored, then it is finished after
repeating enough.

5. Repeat step 4 k-1 times.

If it is not finished on the way of repeating, then

there are colors (color, , color, , *++, color, ;) on k-1

multiple edges between v, and w.,.

Delete edge (v,, w)).

Repeat adding or deleting edge (v;, w,) until it is col-

ored. If it is not colored, then it is finished after

repeating enough. If it is colored, then it is colork.

8. Add (v,, wy).

Edge-painter cannot color this edge, because adja-

cent edges to this edge are already colored with all

of k colors.

9. Delete (v,, wp).

10. Repeat step 8 and step 9 enough.

For this family of input, at least repeating edges
without coloring can paint adequate colors except edges
enough repeated according to offline edge-coloring algo-
rithm.

By the assumption C X f(e,es,....e)) becomes large
enough, but f(e,e,,....e;) is a constant. Since a constant
b, which is satisfied with the assumption, dose not exists.
This is the contradiction. []

Theorem 4: Let 4 be a deterministic online edge algo-

rithm. Then Then C/=0.

Proof From lemma 1 and lemma 2 it is evident.

3.2 Randomized online edge-coloring algorithm

Theorem 5: Let R be an randomized online edge algo-

rithm.

ﬂ
X

Then C/M'< , here x= <kJ2rl>><((k—1)(k+1)+2>.

Proof For proving this theorem we apply Yao's Minimax
Principle to the competitiveness coefficient of random-
ized online edge-coloring algorithm.

We prove it by reductio ad absurdum.

Let G be any randomized online edge algorithm R.

X-1
We assume that G = —~ + 9. Here,
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X-1 o X1
il obl — = = <
¥ <G e +0=1
From Yao's Minimax Principle, there exist a deter-
ministic online edge-coloring algorithm, which is

X-1 . . .
cr= a + ¢, according to any families of inputs chosen

of a probability distribution. Then we think a family of
input chosen of a probability distribution as follow,

1. Repeat &1 times adding (v;, w,).

2. Repeat k-1 times adding (v, w.).

3. Repeat k-1 times adding (v, ;, w,)).
There exist adequate x;, and x, and Svy, = Svy,if A
dose not color all of edges.

4. After that, choose 2 vertices vy, and vy, in the same
probability from v;, v,,..., and add edges (v, w,) and
(Vy2, Wo).

5.  Delete all of edges added by steps from 1 to 4.

6. Repeat <k+

9 1) times from stepl to step 5

7. Repeat Y times, which are repeated enough times
from step 1 to 6.
Let a period to be from step 1 to 6. Then these edges
added are X edges a period.
Then E[f/(e},es,...,e,)]is (X-1)Y, and E[ f,(ep,es, ...,e,)] is XY.
Under like these families of inputs chosen of a probability
distribution P, any deterministic online edge-coloring
algorithm 4 is satisfied with next equation :
Elfepes,.e)]— CFL X E[fifen,es,..ey)]= b.
Let B be the left side of the above equation.

B< (X—l)Y—(X—;Jr S)XXY=—6 XXV.

But there is no constant b that is satisfied with B,

because Y is large enough. This is the contradiction of

. X-1
the assumption, hence C'=< X -

O

Lemma 3: Let R be a randomized online edge-coloring
algorithm that must try to color all of edges added. Then
C"=0.

Proof We prove it by reductio ad absurdum. We assume
that for any families of input e,,e,...,e,, R has a constant
b according to C >0 and

Elflenes.en)]— CX filenes, ey = b.

Here we think that the family of input is as follow.

Repeat k-2 times adding (v;, w)).
Add 2 times (v}, w,).
Repeat k-2 times adding (v,, w,).
Add 2 times (v,, wy).
Repeat k-2 times adding (v;, wy).

SR

Delete all of edges between v, and w,, and between
v, and ws Then Sv; =Sv, =Sv;. Let color, and color,
to be 2 colors that are not yet used.

7. Add (v;, w) again.

As edge (v;, w,) cannot be colored with the element

of Sv,, this edge is colored with either of color, or

color, except k-2 element of Sv,. Let this edge to be
colored with color,.
8. And then add (v, w»).

This edge is colored with the rest of two, i.e. color,.
9. Next. Add (v,, w,). This edge is also colored with

color,.

10. Add (v,, ws).

This edge is colored with the rest of two, i.e. color,.
11. Delete (v;, w,) that was added at step 7.

12. And then add (v;, wj).

This edge cannot be colored, because adjacent edges

to this edge are already colored with all of k colors.
13. Delete (v, wy).

14. Repeat step 12 and step 13 enough.

For this family of input, at least repeating edges
without coloring can paint adequate colors except edges
enough repeated according to offline edge-coloring algo-
rithm.

By the assumption C X fy(e}es...,e)) becomes large
enough, but E[f;(e;,ex....e,)] is a constant. Since a con-
stant b, which is satisfied with the assumption, dose not
exists. This is the contradiction. []

Algorithm 1

Next, we study a randomized online edge-coloring
algorithm that often need not color any of edges added.
We pay attention to edges going out from each vertices,
as following . colorless edges going out from each ver-
tices are surely made more than half, instead the edges
which are tried to color should be colored absolutely. All
of vertices have matrix 1 X k. Let 4, be a matrix of a ver-
tex v.

Procedure algorithm 1 (G, ep,es,...,e,).

(a) For matrix of all of vertices u, we assign an ele-
ment whose probability is a half, as follows which @ or

(), where k is even number:
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© 4,[11=0, 4, [2)=0, .., 4, [51=0, 4, [+ +1]=1,
k
A, [7+2]=1, o A, [K]=1, or
k k
@ 4,101, 4, 21=1, ., 4, (511, 4, [o+11=0,

A, 542120, ., 4, =0,

(b) All of subindex of matrices are keeping to the
unmark.

(c) while adversary inputs do

i.ifan edge (v, w)is added, then
A when the minimum subindex of unmark of matrix of v
is a and the minimum subindex of unmark of matrix of w
is b, change the subinedx a of matrix of v and the
subinedx b of matrix of w from unmark to mark.

B:if4,[al=1 and 4, [b]=1, then an adversary tries to
color edge (v, w).
When an adversary tries to color edge (v, w), it is decided
to color or not by the color of edges going out from v or
w. If he colors, he should use the minimum color of
unused one among all of adjacent edges.

else edge (v, w) should not be colored.

ii . elseif delete edge (v, w) existed, then,

when edge is deleted, the subindex marked of 4, and
A,, are returned to unmark.
Lemma 4: For any edge (v, w) added, when the minimum
subindex of unmark of matrix of v is ¢ and the minimum
subindex of unmark of matrix of w is b, the probability of
Alal=4,[1=1is .
Proof Number of matrices assigned of each vertices in V'
U wis 2" altogether and each of them has even prob-
ability. Then 4, [a]=1 are 27" cases and 4,, [b]=1 of
2V cases are 2772 cases. This is that it dose not
depend on any input before adding edge (v, w). Therefore
the probability of 4, [a]= 4, [p]=1is % .
Lemma 5: C*", i = %
Proof We prove it by reductio ad absurdum. We

1 . .
assume C,ovimm >Z' For any families of input

e5,ex...,¢y, there exists a constant b and

E [fAIgorithml<e Irle""eM)] - C()b{Algoritllznl X fe U(e 1362¥"'76M> =b
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For large enough L, we think that there is a family of
input which is consisted of L elements of (¢, @, 4, a, ..., a,
a). Then f,(a,a, a,a, ..., a,a)= é .
We pay attention to a case that under this family of
input any edge a=(v, w) is added and is colored. Let a be
the minimum subindex of unmark of matrix of v and b be
the minimum subindex of unmark of matrix of w. Only if

Alal=1 and 4,[b]=1, then edge-painter tries to color

edge (v, w). From lemma 4, this probability is % .

Thus, E[ﬁ,,gwhml(a, a,a,d, .., a,a)]

1 1 1
=Elgla]+ ElgaH -+ + Elgla)] =+ +- +
R
4 2
1 L L
So, the left side of ()= X 5 — C®yjppritnm X 5~

1 L
:( T - COblAlgarizhml> X ? .

1
Then, = — C pgorinnn < 0 and L is large enough.

Since a constant b, which is satisfied with the (*), dose
not exists. This is the contradiction. []

Theorem 6: C*, .1 = %

Proof Let (v, w) be an edge to try to color. Let a be the
minimum subindex of unmark of matrix of v and & be the
minimum subindex of unmark of matrix of w. Then it
was A4,[a]=4,[b]=1. The number of edges colored, (which

are going out from v or w just before adding (v, w)), is at

k . . . .
most o> -1 respectively even if any matrices are assigned

to each vertices. Since the total of edges colored which
. . . k
are going out from both vertices is at most (771) X

2=k-2. So the edge (v, w) can be colored. ]

Theorem 7: C““ =0
Proof We think a family of input as follows:
1. repeat to add (v, w) until not to be able to colored.
From algorithm 1, an edge without color should
appear. An (v, w), denotes the edge.
2. repeat to add or to delete (v, w), enough.
When these family of input are epes...,ey,
Elfsgoritnmi(€€2--ve)0)] 1s a constant. But because offline

edge-coloring algorithm can be colored the only
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edges which are repeated at 2-stage at least,
Elfr1goritnmi(€,€---€3)] can be large enough.
Since C i = 0. |
Algorithm 2
An aim of algorithm 2 is to cut down edges which

are not able to colored as edge-painter tries to color
. . 1
edges added with probability R

Procedure algorithm 2(Gy, ej,e,...,e,).
(a) While edge (v, w) is added do

i .The edge-painter tries to color the edge (v, w) with

. 1
probability 5
When the edge (v, w) is tried to color, the edge is actively
decided to color or not to color by color of edges already
going out from v and w. When the edge is colored, it
should be colored with minimum color which is not used
among of all adjacent edges.

bl 1
Lemma 6: CO Algarirhmzé 7
Proof We prove it by reductio ad absurdum. We assume

1 .. .
C oritim2™ R For any families of input ej,es,....e), there

exists a constant b and

E[f/,,go,,,hmz(eI,eg,...,eM)]— C"b’Algm-,hmZ X foe1,emmmnseyy) = b -
*).

For large enough L, we think that there is a family of
input which is consisted of L elements of (4, @, @, @, ..., a,
a). Then f(a,a, a,a, ..., a,a, )= é

The edge-painter tries to color any edge a=(v, w) added.

1
When the probability o 1s to try to color, the edge is

actively colored. This is also for any edges added.
Thus, E[ fygprimma, @, a,a, a, a,a, )]
=E[gla)] + Elgla)+ -+ + Elg(a)]

1 1 1 1 L
“optgt ety T

. 1 L L
So, the left side of (*)= o X 5 CabIAlgm'ithmZ X o

1 L
:(? - CObIAlgori[hm2> X 7 .

1 . .
Then, 5 C reorinmz<0 and L is large enough. Since a

constant b, which is satisfied with the (*), dose not exists.
This is the contradiction. []

We look for the infimum of C¢” with G"< C¢*' from
definition.
Lemma 7: For a randomized online edge-coloring algo-
rithm R trying to color with a constant provability, there
exist adequate i and M in a family of oblivious adversary
D, This is consisted of M elements of (ay, as, ..., a,, 4, a;,

a, ', a, a,). Let edges which are added be b,, b,,..., a,
a,,..., there exist a minimum Elg(a,)] among E[g(b,)],
Elgb,)],..., Elgla)], Elgla,)] ,...Here @, means deleting a,.

Proof We assume that there is no family of D" such
that. Let a family of DZ* be ee,...,ey. And then let edges
added be by, by..., b,. Let Elg(h)] be a minimum among
Elgb))], Elgb,)] ..., E[g(b,)], where 1= j <L. Then we

think that a family of input which L edges are added are

as follows .
(epeyeny by by, by, by, ...) . From definition of D¢”, there

exist a constant b that satisfies next equation,
Elfieses., b, by, bj, b, ..)]— D X [total of adding edges of
€€ by by, by by, ] Z b——(**), where D=D"'.
Elfilenes..., b, b, by b, ..)J= Elglb)l+ Elgb,)] +--+
Elg(b))+Elgb ]+ = Elg(b )]+ Elg(b,)] +--+ Elgb,)=
E[fR(el,eg,...,eNﬂ
Since at D > D% a constant b, which is satisfied with the
(**), dose not exists. Therefore (e,es..., by, b, by, b, ...) is
one of a family of D¢, but this is contradictory to the
assumption. [J

We call an adding of a family of input (a,, ay, ..., a;, (v, w))
a family p, of input. We make a family p, of input from a
family p, of input. The p, is as follows ; let degree of v
and of w just before adding (v, w) of a family p, of input
be x and y respectively. Edges that go out from w to
some elements of ¥ are added k-1-y times after edges
that go out from v to some elements of W are added &-1-x
times following (a;, as ..., a;), and after that (v, w) is
added.
Lemma 8: For a randomized online edge-coloring algo-
rithm R trying to color with a constant provability, the
next holds good.
(E[g((v, w))] according to (v, w) added with p, )=(E[g((v,
w))] according to (v, w) added with p,.)
Proof When x=y=k-1, an equal sign holds good.
When x =< k-2 or y = k-2, the algorithm R tries to color (v,
w) with a constant provability. But number of color may
be increased because edges going out from v and w just
before adding (v, w) of a family p, of input increases

more than edges going out from v and w just before
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adding (v, w) of a family p, of input. So the possibility of
not being able to color increases even if the R tries to
color according to (v, w) added with p,. Therefore this
case also holds good. ]

Lemma9 : DOblA,g,,,,-,hmz > %
Proof From lemma 7 and lemma 8 one of a family of

oblivious adversary of C*,,,ium2 1S L edges added like as

(al, as* ", a;, <V, W), (V, W), <V, W), (V, W>, ,> (After some
adequate inputs are continued, same edges add or delete
alternatively.) Let only edges added from those above be
(by, boy*+, 0, w), (v, w), ==+). Then there are E[g((v, w))] that
is minimum of Elg(b,)], Elg(b,)], -+, Elg((v, w)], Elg((v,
w))], and degree of both v and w just before (v, w) added

1
are k-1. If Elg(v, w)] > -, then  El £z (ay az+, a,

v, w), v, w), (v, w), (v, w), === )]=Elgb )]+ Elgb,)] +-+

1
Elg(v,w)]+Elg((v, w)+++-> X L. Therefore the lemma

1
holds good such that we must prove Elg((v, w)]> I

Let sets of color, which colored edges going out from v
and w just before (v, w) added, be S, and S,
When IS, + |S,| =k, it is possible not to color (v, w).
When |S,US,|<k-1, it is possible to color (v, w) even if
edges are colored with any color.
When algorithm?2 colors (v, w) and IS, U S, | <k-1, g((v,
w))=1. The probability of |S, U S, |=<k-1is greater than
[S,US,|=k-1.
(The probability of algorithm?2 to color (v, w)) X ( the
probability of [S,US, |=<k-1) = (the probability of algo-
rithm2 to color (v, w)) X ( the probability of IS, U S, | < k-1)
= % X % = % . Therefore g((v, w)=1, then the proba
bility is greater than .

Since Elglly, w)l> - O

1
. bl -
Theorem 8: < C™, 0= 5
Proof From lemma 9
bl bl
and (& Algorithm g D’ Algorithm2>
Cob[ > Dvb[ > i
Algorithm == Algorithm2 4 .

1

And from lemma 8, C™,pyipm = 5 -

. da =
Theorem 9: C*“,, ... =0

Wrgefl . %377% (2001)

Proof We think that the family of input is as follow.

1. Repeat adding or deleting edge (v, w;) until it is col-
ored.

2. 2.Repeat step 1 £-1 times.

Then there are colors (. color, , color,, * -+, color,, )
on k-1 multiple edges between v, and w,.

3. Repeat adding or deleting edge (v,, w,) until it is col-
ored, then it is color,.

4. Repeat adding or deleting edge (v,, w,) until it is col-
ored.

5. Repeat step 4 k-1 times, then there are colors ( :
color; , color, , *+++, color,, ) on k-1 multiple edges
between v, and w,.

Delete edge (v,, wy).

Repeat adding or deleting edge (v, w,) until it is col-

ored, then it is color,.

8. Add (v, wy).

Edge-painter cannot color this edge, because adja-
cent edges to this edge are already colored with all of &
colors.

9. Delete (v,, wy).

10. Repeat step 8 and step 9 enough.

For this family of input, at least repeating edges
without coloring can paint adequate colors except edges
enough repeated according to offline edge-coloring algo-
rithm.

E[fo(el,ez,...,eM)]

El figorimr€res....ep)lis a constant.

Since C,yprigmz = 0. L]

Here, number of bits of random numbers in the algo-

becomes large enough, but

rithm 2 is equal to total of edges added.
4. Conclusion

We have proved that a competitiveness coefficient
C/ of arbitrary deterministic online edge-coloring algo-

rithm is 0, and present a randomized online-coloring

. . .. o1
algorithm that the competitiveness coefficient Gy is T

and a randomized online-coloring algorithm that the
. o1 w1 .
competitiveness coefficient is T <G = o5 for oblivi-

ous adversary. Next study is the presentation of a ran-
domized online-coloring algorithm that the competitive-

ness coefficient G¢* is more lager probability.



A New Algorithm of Online Edge-Coloring Algorithm 59

References

[1] Robin J. Wilson and John J. Watkins, “ Graphs : An
Introductory Approach ”, John Wiley & Sons Inc,
1990.

[2] Rajeev Motwani, Prabhakar Raghavan, “ Randomized
Algorithms ”, Cambridge University Press, 1995.

[3] Amotz Bar-Noy, Rajeev Motwani, Joseph Naor, “ The
greedy algorithm is optimal for online edge coloring ”,
Information Processing Letters 44, 251-253, 1992.



60



